NCUE EE_Dept 2017 Spring

SIGNALS AND SYSTEMS
PROBLEMS SET 3

[Please do your best to work out ALL but the first 3 problems, and you are

encouraged to discuss your solutions with your classmates.]

1. Consider a continuous-time LTI system with impulse response h(t) = e_4M . Find

the Fourier series representation of the output y(t) for each of the following

nputs: (@)x(t)= 3 S(t—n); () x(t)= 3 (-1)"5(t=n); () x(t) is the

N=—a0 N=—00

periodic signal depicted in Fig. P1.

x(t)

3 Fig. P1
AN OmOnno:-
-3 -2 -1 0 1 2 3 4
[

The frequency response of the system i1s given by

H(jw) = ] T Mgige -l o Lo

- 44 jw 4-jw

(a) Here, T = 1 and wp = 27 and a; = 1 for all k. The FS coefficients of the output are

1 1

b ek ke ) ek T A~ jowk

(b) Here, T'= 2 and wy = 7 and

|0, k even
;=N 4 k odd

Thercfore, the I'S coeflicients of the output are
A k even

b =aH '-‘cwo:{ 1 1 i
k kH(; ) s+ =R k odd
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(¢) Here, 7' =1, wp = 27 and

1/2, k=0
ar = ¢ 0, k even,k # 0

sin{rk{‘i! k odd

Therefore, the FS coeflicients of the output are

1/4, k=0
b = apH(jkwo) = (:i?n(xk_/:e) 1 | k even,k # 0
3 [4+j2nk + 4—3’21rk] ) k odd

]

2. Consider a continuous time LTI system whose frequency response is

o sin(4w)

0 _j
H(jw) :j_wh(t)e dt If the input to this system is a periodic

1, 0<t<4

with period T =8, determine the corresponding
-1, 4<t<8

signal Xx(t) = {
system output y(t).

[

Let us first evaluate the Fourier series coefficients of z(t). Clearly, since z(t) is real and
odd, ay is purely imaginary and odd. Therefore, ayg = 0. Now,

L of° :
ap = é.-/ x{t)e"){zxfsltldt
0

I ofd s 1 /8 .
= g e g [ emstenrmiey
8Jo 8/

- #{1 — emI7k)
Clearly, the above expression evaluates to zero for all even values of k. Therefore,
Y k=0,+2 14, -
i { 25 k=%1,43,45,...
When z(t) is passed through an LTI system with frequency response H(jw), the output
y(t) is given by (see Section 3.8)

oo

y(t) = Y apH(jkwo)e? !
k=—00
where wg = %’v’ = %. Since aj is non zero only for odd values of k, we need to evaluate the
above summation only for odd k. Furthermore, note that
sin(kn)

H{jkwn) = H(K(x/4)) = Foo0

is always zero for odd values of k. Therefore,

y(t) = 0.
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3. A causal and stable LTI system S has the frequency response

jo+4

6— w? +5jw

H(jo) = (a) Determine a differential equation relating the

input x(t) and output y(t) of S; (b) Determine the impulse response h(t)

of S; (iii) What is the output of S when the inputis x(t) = e_4tu(t) —te_4tu(t) .

[

(a) We have )
Y(jw _ jw + 4

X(jw) 6—w?+5jw

Cross-multiplying and taking the inverse Fourier transform, we obtain

d*y(t) | dy(t) _ da(t)
E’f— + 5—dt—‘ + ﬁy(t) = dt + 4I(t).

(b) We have 5 i

24 jw  3+jw

H(jw) =
Taking the inverse Fourier transform we obtain,
h(t) = 2~ 2u(t) — e u(t).

(c) We have
1 1

d+jw  (4+jw)?

X(jw) =

Therefore,
1
(4 + jw)(2 + jw)
Finding the partial fraction expansion of ¥ (jw) and taking the inverse Fourier trans-
form,

Y(jw) = X (jw)H (jw) =

ylt) = %e_mu(t) < %c""u(t).

4. Suppose we are given the following information about a continuous-time signal

X(t) with period T=6 and Fourier coefficients a, : (i) X(t) is a real signal; (ii)
a =0 for k=0 and k>2; (iii) x(t)=-x(t-3); (iv) %jfs|x(t)|2dt:0.5;
(v) a& is a positive real number. Show that x(t)=Acos(Bt+C) and

determine the values of the constants A, B, and C.

[ X(t) = cos(xt/3)
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The only unknown FS coefficients are a1, a_;, ag, and a_,. Since z(1) is real, a; = a* | and
a; = a',. Since a; is real, a) = a_;. Now, z(t) is of the form

z(t) = A) cos(wpt) + A cos(2wot + ),
where wy = 27 /6. From this we get
xz(t — 3) = A cos(wpt — 3wyg) + Ay cos(2wpt + 6 — Gwy).

Now if we need z(t) = —z(¢ — 3), then 3wy and 6wy should both be odd multiples of .
Clearly, this is impossible. Therefore, a; = a_5 = 0 and

z(t) = Aj cos(wpt).

Now, using Parseval’s relation on Clue 5, we get

= 1
Z lakl® = la1]* + |a—|* = 5
k=-—00

Therefore, |a;| = 1/2. Since a, is positive, we have aj = a_; = 1/2. Therefore, x(t) =
cos(mt/3).

5. Let x(t) be a signal with Fourier transform X (Ja)) Suppose we are given the
following  facts: (i) x(t) is real; (i) x@t)=0fort<0 ; (iii
Ziro %e{X(ja))}ej“’tdw:|t|e_‘t‘. Determine a closed-form expression for

T —00

X(t)

[ x(t)=2te""u(t)

Since z(t) is real, :
t) + xz(— .
Ev{z(t)} = "’—{—)“21—(1 &L Re{X (jw))-
We are given that

IFT{Re{X(jw)}} = |tle™ .
Therefore,

evta(t) = ZAGED = et

We also know that z(t) = 0 for ¢ < 0. This implies that z(—t) is zero for ¢ > 0. We may
conclude that
z(t) =2tle™  fort>0

Therefore,
x(t) = 2te™"u(t)

]

6. Consider a causal LTI system with frequency response H (ja))= . For a

3+ jo
particular input Xx(t), this system id observed to produce the output
y(t) =e2u(t)-eMu(t). Determine x(t).[x(t)=e *u(t)]
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7. Llet X (Ja)) denote the Fourier transform of the signal x(t) depicted in Fig. P3.

You should perform all these calculations without explicitly evaluating X (Ja))

(a)

(b)
(c)

(d)

(e)

(f)

x (t)

T o0 1 2 3 "

X (jw) can be expressed as A(ja))ejg(jw),where A(jo) and 6(jw)
are both real-values. Find 6( jo).(0(t)=-]

Find X (jO).[X(]0)=7]

Find I_O:OX(ja))da).Mﬂ]

2sinw

Evaluate Jm X(jo)—=—"el24w. (7]
o o

Evaluate f;|x (ja))|2 dw.[267]

Sketch the inverse Fourier transform of Re{ X (jo)}.
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(a) Note that y(t) = z(t + 1) is a real and even signal. Therefore, Y (jw) is also real and
even. This implies that <Y (jw) = 0. Also, since Y (jw) = €/“X (jw), we know that
<X (jw) = —w.

(b) We have

X (50) = / " oty =1.

—00

(c) We have
f X(jw)dw = 27z (0) = 4.

(d) Let Y (jw) = 28i02¢2w  The corresponding signal y(t) is

1, —sxte-
y(t) = { 0, otherwise ’

Then the given integral is
/ X(jw)Y (jw)dw = 2n{z(t) * y(t)}1—0 = Tn.

(e) We have
f 1X (jw)|2diw = 21r/ |=(t)|?dt = 26

—0o0
(f) The inverse Fourier transform of Re{X (jw)} is the £v{z(t)} which is [z(t) + z(-t)]/2.
This is as shown in the figure below.
Ex{xctr}

Sl
V2

v

]

8. Suppose g(t)=x(t)cost and the Fourier transform of the g(t) is

1 |a)|£2
0, otherwise

G(Jw)={

2sint

(a) Determine x(t).[x(t)= ]

(b) Specify the Fourier transform X;(jw) of a signal X;(t) such that

g(t) = x,(t)cos (%t}
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(a) We know that
w(t) = cost 5 W (jw) = #[6(w — 1) + 8w +1)

and i
g(t) = o(t) cos t €5 G(juw) = 5~ {X (jw) « W (jw)} .

Therefore,

G(jw) = $X (0~ 1) + 3 X (w + D).

Since G(jw) is as shown in Figure S4.30, it is clear from the above equation that X (jw)
is as shown in the Figure S4.30.

ALl PEGEw

-1 o kR w

Figure 54.30

Therefore,
2sint

z(t) = :

Tt

(b) Xi(jw) is as shown in Figure S4.30.

]

9. Consider an LTI system whose response to the input X(t) = [e_t +3e_3t}u(t) is

y(t) = [Ze‘t —2eH } u(t).

3(3+ jo)
(4+ jo)(2+ jo)

(a) Find the frequency response of this system. [H ( ja)) =

(b) Determine the system’s impulse response. [h(t) = g[e“ +e2 ] u(t)]

(c) Find the differential equation relating the input and the output of this
system. [y"+6Yy +8y =3x"+9x]

7 Wanchu Hong



NCUE EE_Dept 2017 Spring

4.36. (a) The frequency response is

_Y(Gw) 308 +jw)

HGY) = 3G0) = G imz+30)°

(b) Finding the partial fraction expansion of answer in part (a) and taking its inverse
Fourier transform, we obtain

h(t) = g» [e™* + e~ u(t).

(c) We have
Y(jw) (94 3jw)
X(jw) 84 6jw —w?’

Cross-multiplying and taking the inverse Fourier transform, we obtain

d?y(t) dy(t) L dz(t)
T + BT + 8y(t) = 37— + 9x(¢).
]
10. Consider the signal in Fig. P6.
L X (1)
/\
-1 0 +1 t

_ 2
_ sin(w/2
(a) Find the Fourier transform X ( jo)of X(t)'[x(w){z%} ]

(b) Sketch the signal X(t) = x(t) * i o(t—4k) .

k=—0
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(a) Note that
{_[;(t) = .ﬂl(t] * $|(t),

1, w| < L
1:1(1):{ I l 2

0, otherwise

where

Also, the Fourier transform X, (jw) of z1(?) is

Xy (jw) = 2sin(w/2] .

Using the convolution property we have

; 2
X(50) = X () Xy Gar) = [ﬂ‘i“f—’] .

w
(b) The signal Z(t) is as shown in Figure 54.37

/h ~Jd
x (£)

/‘\ N /"\
2 3 4 § +

..-'q, -3 -2 -i o]

N
0S
/2 A
/\ > ¢
6 ¢ ¢ -3 -2 -1 b 1 2 2 4 r &

Figure S4.37
]

sint sin5t
11. Consider an LTI system with impulse response h(t)=7z——

xt  xt

. Plot the

frequency response of this system and determine the respective output VY; (t)

for each of the following inputs X; (t) Show all work. Write a closed-form

expression for the output in each case.
(a) x(t)=cos(6t).[o]

(b) xz(t):i(%jksin&kt).[%sin(m)]
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sin(4t) [sin(4t)]

() X3(t): at st
. 2 - 2
() X4(t):[sm7£t2t)} {smjﬁft)}]
[ i
?ru\o z A H(@
T A
sin(t) sin(st) ¥ |
l«\l(ﬂ-'rr LI ITLLP / \ .
i \Mlzk Wg:S *?G ““". O 4 6
| > A
. W,-Wy W+ Wy
(o)

M) —(os(éi)%ﬁ@%? ()= \ ©)

+Cog (,e{ 7 H(E))
=0

— e

(b 2 o Yeum & Zoeve fue oM

AL (8)= (4 )rsn(3&)+(\5m(d> +(g)sin(at)

c.lr\\;_ w=3 Imad(es % e 1 2R S £ X ...
E‘sz (t) = SH\-[E{.)
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Pf'db- 4 S ot ((on’f-) X Y (@)G
: =
) ’Xa (+)= sin (4'(') §?> -
Tt \
-4 o 4 > <O

FTHUS Yg (UJ):‘ X_;(a) H(C"“> = XB(U\J)
Yy L= S (49 OKea ()

D s (e /K

N4 (1= K ) Hlay: X W
Sim (1%

d
4 (%) = (’”ﬁ?‘
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