Instructor’s Solutions Manual 2-1
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Chapter 2: Basic Concepts of Probability Theory

2.1 Specifying Random Experiments

@ S={1,23,4,56}

b. A={2,4,6}
c. A° ={1,3,5} "odd number of dots"
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@a) S =12,3,4,5,6,7,8,9,10,11,12)

b) A ={2,4,6,8,10,12}

c) {sum = 2} corresponds to {(1,1)}
{sum = 3} corresponds to {(1,2),(2,1)}
{sum = 4} corresponds to {(1,3),(2,2),(3,1)}

and in general for 1 < k£ <12

min(6,k—1)

{sum = k} = L_Jl {7,k —)}
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@ a) Each testing of a pen has two possible outcomes: “pen good” (g) or “pen bad”
(b). The experiment consists of testing pens until a good pen is found. Therefore each
outcome of the experiment consists of a string of “b’s” ended by a “g”. We assume that
each pen is not put back in the drawer after being test. Thus & = {g, bg, bbg, bbbg}

b) We now simply record the number of pens tested, so § = {1,2,3,4}

¢) The outcome now consists of a substring of “b’s” and one “¢” in any order followed
by a final “g”. S = {gg, bgg, gbg, gbbg, bbgg, gbbbg, bgbbg, bbgbg, bbbgg}

d) S = {2,3,4,5}
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a) (ANBNCYU(A*NBNCYU(A°NB°NC)

b) (ANBNCYU(ANBNC)U(A°NBNC)
c) AUBUC
d) (AnBheyuUnB N U@ nBnCYU(ANBNC)

e) A°N BN Ce

@@ D= A0AN

® D= %b@dﬂ
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@ p= (ﬁOAQ@AU{QﬂAﬂ%}b(ﬁnAﬂA),ﬂﬁﬂAﬁ b0
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GiD ) s = ((@wy):0 < <y <21)

b) A = {wake up before 9} N {to sleep after 9}
={(z,9)e$:0< 2 <9, 9<y<24}

c) B={(z,y)eS:y —z < 12}

d) A°N B = “student is asleep at 9 o’clock and is asleep more than 12 hours”
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2.2 The Axioms of Probability

@a) The sample space in tossing a die is S = {1,2,3,4,5,6}. Let p; = P[{i}] = p since
all faces are equally likely. By Axiom 1

1 = P[5]
= P[{1}u{2} U {8} u {4} U {5} U {6}]
The elementary events {i} are mutually exclusive so by Corollary 4:

l=p+p+...+pe=bp=>p=p=_fori=1,...,6
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®@ 7IAl=35 T8l - 5% 7Ic] = 8"— PN =5 PlA]=g

@ Pl{a,c}] = P[{a}]+Pl{c}]= g
P[{b,c}] = P[{b}]+ P[{c}]= I
Plinbd] = Fld=1=Plal +P[{b} + Pl{c}]
= Plfall=1, PUN=3, Plcll=}
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@@ (% ) = PIAT— PLMB]
P[N8 = )]~ PItg]
© TIANS UAnBl=rplAl > oLl -afAnB]

©) 'PE@UB)Cl = 4-PLAVB] = iﬂ’PCPf§~?L81+fY,M\B]

@) }:ﬂaubj = PLAJ+ PLB] - PIMB] =x+y~PLANG] T

PIAOBY = %4 ¥ (= (%)

pLAOE 1= 4-7L@NE)" [= 4- pPLAVB]
= a-9%

PN VST )= 1—-?\_@“06‘)1 =4 - ?1%81 = 4 =n-gaa.

PLAN B<) rf‘iﬂ~?LP‘“3—l = - sy = oy

P UE] = 4~ PLANE] = L75%%

@Identities of this type are shown by application of the axioms. We begin by treating
(AU B) as a single event, then

P[AUBUC] = P[(AUB)UC]

= P[AU B] + P[C] - P[(AUB)NC] by Cor. 5
= P[A] + P[B] — P[AN B] + P[C] by Cor. 5 on AU B
— P[(ANC)U(BNC)] and by distributive property
= P[A] + P[B] + P[C] — P[AN B
— P[ANnC] - P[BNC] by Cor. 5 on
4+ P(ANB)N(BNC)] (ANC)U(BNC)
= P[A] + P[B] + P[C]— P[An B]— P[ANC] since
— P[BNC]+P[ANBNC]. (AnB)N(BNC)=AnBNnC
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Assume that the probability of any subinterval I of [—1,1] is proportional to its
length, then

P[I] = k length (I).

If we let 7 = [—1,1] then we must have that
1= P[5] = P-L, 1]] = & leargth {[—1, 1]} = 3f = & = %
a) P[A] =7 length ([-1,0)) = (1) = 5
2 2 2
PB] = % length ((=0.5,1)) = % g ¥ 4§
P[C] = % length ((0.75,1)) = % i - %
PMHE—%b@wMAMﬁD_%%Zi

P[ANC] = P[f] =0

b) P[AU B] = P[S]=1

oo | =

P[AUC] length (AU C)

.2 4) 8

PlAUBUE] =P8 =1

Now use axioms and corollaries:

P[AUB] = P[A]+P[B]-P[ANB] by Cor. 5

1 3 1
= 3tiTg=t ¥
la L+ B
PIAnC] = P[A]+ P[C]-PANC]l==4+=-=— .5
[4NC] = PIAJ+PIC]-PAOCl=5+5=2  byCors

]
PI[AUBUC] = P[A]+ P[B]+ P[C]

—P[ANB]— P[ANC]— P[BNC]

+P[ANBNC] by Eq. (2.11)
£} Byolipel wlagin, L,
= gtgTg 1 Vgt
= 1 \/
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a) Since (—o0,7] C (—o00,s] when r < s

P[(—00,r]] £ P[(—o0, 5]] by Corollary 7.

b) K 1

Pl(—e0,s]] = P[(—oo,r]U(r,3]]
= Elf ool E ]
= P[(r,s]] = P[(—c0,s]] - P[(—co,r]]
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mber ways of picking 20 raccoons out of V = ( i )

20
Number ways of picking 5 tagged raccoons out of 10 (10 N -10
and 15 untagged raccoons out of N —10 ~ | 5 33
I 4- 16

y ( 10 ) ( N-10 )
P[BItagged out of 20 samples] = A L £ p(N)

()

p(V) increases with N as long as p(N)/p(N —1) > 1
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@P [2 or more students have some birthday]

=1 — Pl[all students have different birthdays]

Plall students have different birthdays|
_ 365364363 346
~ 365365365 365
P[2 or more have same birthday] = 0.412 [zuv- Mane. Awa-sewtc | —0.807
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" a) The results follow directly from the definition of conditional probability. P[A|B] =

PIAN B]
P[B]

If ANB=0 then P[AN B]=0 by Corollary 3 and thus P[A|B]=0 .

If ACB  then ANB=Aand plajp = 24
Pl

B
If AbDB= ANB=DBand P[A!B]:ﬁ:l.
b) If P[A|B] = % > P[A] then multiplying both sides by P[B] we have:

P[AN B] > P[A]P[B]
P[ANB
We then also have that P[B|A] = [P[Z] ] > P[A][ A}I ] — P[B].
We conclude that if P[A|B] > P[A] then B and A tend to occur jointly.

Plals]= PN
PLB]

4~ PL8l>o0,
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= P[A|Bn C]P[B|C]P[C]
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2 Plchip defective] = P[def.|A]P[A] 4+ P|def.|B]|P[B]+ P[def,|C]P[C]
(107)pa + 5(10~*)pp + 10(107%)pc

P[A|chip defective] Pldef.|A]P[A] m 10~3p,
P4

pa +3ps + 10pc

Similarly
10pc
pa +5ps + 10pc

P[C|chip defective] =

Let X denote the input and Y the output.

a) P[Y=0] =P[Y =0X=0]P[X =0]+ P[Y =0|X =1]P[X =0
+P[Y =0|X =2]P[X =2]
=(1-e)34)-1+e ]

—1_ ¢
2 -+
Similarly
1 1 I |
PlY =1] = £-§+(1—E)Z+0£Z—Z+4—
1 1 I -1
b) Using Bayes’ Rule
o PY=1X=0PX=0 L 2%
BA=UE =1 = PlY =1] T lie T 14
PlY =1|X=1]P[X=1] (1-¢)f 1-¢
PIX=1Y =1] = e 4
[ | ] F¥ =1 i+ l+e

PX=2Y=1 = 0
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2.5 Independence of Events

PIANG) = PLIN) =& = PLH] #L3] =

I
PLANC] = P[{iglzL:PMlme:Li =
Preot) = PLAid = - =FlelPlef=
o pngne]=plid]=1 #PLAIFLE] PLe}==
Nt Wnbgarfionds
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PLANG] = © F PLAIPIEL = L3 =Nt =

P[BNCY = pla<usd]=L =flg}Plc) =5 2 B¥C w3,
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' (=
Thc event A is the union of the mutually exclusive events AN B and AN B, thus

A

P[A] = P[ANB]+ P[AN B] by Corollary 1
— P[ANB] = P[A]- P[ANB]
= PlA]— [ jP{B] since A and B are independent
— PlA]Q -
= ~1]P[B‘] — A and B¢ are independent
Similarly
P[B] = P[AN B] + P[A°N B] = P[A|P[A] + P[A° N B]
— P[A°N B] = P|B](1— P[A]) = P|[B]P[AY]
= A and B are independent
Finally

P[A°] = P[A° N B] + P[A° N B = P[A%|P[B] + P[A° N B']

= P[A°N B = P[A%](1 - P[B]) = P[A"|P|B]
= A€ and B¢ are independent

@ _P[AnB] _PlANBY

P[A|B] = P[-4|BC] == P[B] - P|B‘]

I

—s P[AN B)P[B] P[A N B|P|B]

= (P[A]— P[AN B])P[B] see Prob. 2.58 solution

—s P[AN B (P[B°] + P[B]) = P|A]P[B]

—s P[AN B] = P[A]P[B]
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